Introduction
Monolayer graphene was fabricated using the so-called scotch-tape technique 1 and the magnetotransport was measured including the integer quantum Hall effect. 2, 3 Since then the graphene became the subject of extensive theoretical and experimental study. 4, 5 The carbon nanotube is graphene rolled into a cylindrical form, discovered and synthesized earlier than graphene. 6 The purpose of this paper is to give a brief review on phonons and effects of electron-phonon interaction in graphene and nanotubes.
Monolayer Graphene and Nanotube
In a monolayer graphene the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. 7, 8 Electronic states near a K point are described by the k·p equation equivalent to Weyl's equation or a Dirac equation with vanishing rest mass. 6, [9] [10] [11] [12] [13] [14] In the vicinity of the K point, in particular, we have
γ(⃗ σ·k)F(r) = εF(r), F(r) =
(
where F A and F B describe the amplitude at sublattice points A and B, respectively, γ is a band parameter,k = (k x ,k y ) is the wave-vector operator, and ⃗ σ = (σ x , σ y ) is the Pauli matrix. The equation of motion for the K' point is obtained by replacing ⃗ σ with ⃗ σ * in the above equation. Electronic states in a carbon nanotube (CN) are obtained by imposing generalized periodic boundary condition F(r+L) = exp(∓2πνi/3)F(r) (upper sign for K and lower for K') in the circumference direction specified by chiral vector L with ν = 0 or ±1 determined by the CN structure. We have ν = 0 for a metallic CN and ν = ±1 for a semiconducting CN. The direction of L is called chiral angle and denoted by η.
Acoustic Phonon
Acoustic phonons important in the electron scattering are described well by a continuum model. 15 The potential-energy functional for displacement u = (u x , u y , u z ) is written as as in a homogeneous and isotropic two-dimensional (2D) system. The parameters B and S denote the bulk modulus and the shear modulus, respectively (B = λ+µ and S = µ with λ and µ being Lame's constants). In carbon nanotubes with finite radius R, we should add u z /R in the expression of u xx as in the above equation, where the x axis is chosen along the circumference direction. In order to discuss out-of-plane distortions, we should consider the potential energy due to nonzero curvature. It is written as
where Ξ is a force constant for curving of the plane. This curvature energy is of the order of the fourth power of the wave vector and therefore is usually much smaller than U [u] . In nanotubes, the phonon modes are specified by angular momentum n along the circumference direction. Figure 1 .1 shows phonon dispersions calculated in this continuum model. 15 The twisting mode with a linear dispersion and the stretching and breathing modes coupled with each other at their crossing are given by the solid lines. There exist modes n = ±1 with frequency which vanishes in the long wavelength limit q → 0. These modes correspond to bending motion of the tube and therefore have the dispersion ω ∝ q 2 like a similar mode of a rod. Modes with other n involve displacement from the circular shape of the tube cross section.
A long-wavelength acoustic phonon gives rise to an effective potential called the deformation potential 5) proportional to a local dilation, where g 1 of the order of the Fermi level measured from the bottom of the σ bands, i.e., g 1 ∼ 30 eV. This term appears as a diagonal term in the matrix Hamiltonian in the effective-mass approximation and cannot give rise to backscattering in metallic nanotubes. A higher order term appears due to the modification of local bond length,
where η is the chiral angle in nanotubes and vanishes in graphene, and g 2 ∼ γ 0 /2 or g 2 ∼ 1.5 eV, which is much smaller than the deformation potential constant g 1 . This term appears as an off-diagonal term. The total Hamiltonian is written as
In the following, we shall discuss resistivity and/or conductivity limited by these acoustic phonons in carbon nanotubes. In metallic nanotubes, V 1 does not give rise to backscattering as in the case of impurity scattering.
16,17
Further, phonon modes contributing to backscattering through V 2 depend on chirality η. In fact, transverse twisting modes contribute to the resistivity, while longitudinal stretching and breathing modes contribute to it in zigzag nanotubes. Figure 1 .2 shows calculated temperature dependence of the resistivity, where
The difference between a zigzag and armchair nanotube appears at temperatures lower than the frequency of the breathing mode ω B . Figure 1 .3 shows the Fermi-energy dependence of conductivity for metallic and semiconducting CN's. In metallic CN's, when ε(2πγ/L) −1 < 1, the diagonal potential g 1 causes no backward scattering between two bands with linear dispersion and smaller off-diagonal potential g 2 determines the resistivity. However, when the Fermi energy becomes higher and the number of subbands increases, g 1 dominates the conductivity due to interband scattering. This is the reason that the conductivity changes drastically depending on the Fermi energy in metallic CN's. On the other hand, such a drastic change disappears for semiconducting CN's and smaller conductivity compared to that of a metallic CN shows dominance of the diagonal potential independent of the Fermi energy.
Optical Phonon
Long-wavelength optical phonons are known to be measured directly by the Raman scattering.
18-20 Usually, they are described perfectly well in a continuum model. Such a model was developed and the Hamiltonian for electron-phonon interactions was derived, 21 and effects of electron-phonon indiajapan09b
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interaction on optical phonons were recently studied in graphene.
22,23
Optical phonons are represented by the relative displacement of two sub-lattice atoms A and B, 8) where N is the number of unit cells, M is the mass of a carbon atom, ω 0 is the phonon frequency at the Γ point, q = (q x , q y ) is the wave vector, µ denotes the modes ('t' for transverse and 'l' for longitudinal), and b † qµ and b qµ are the creation and destruction operators, respectively. Define q x = q cos φ q and q y = q sin φ q with q = |q|. Then, we have e l (q) = i(cos φ q , sin φ q ) and e t (q) = i(− sin φ q , cos φ q ).
The interaction between optical phonons and an electron in the vicinity of the K and K' points is given by
where the vector product for vectors a = (a x , a y ) and
This means that the lattice distortion gives rise to a shift in the origin of the wave vector or an effective vector potential, i.e., u x in the y direction and u y in the x direction. The interaction strength is characterized by the dimensionless coupling parameter
2 . This shows that the interaction is not strong and therefore the lowest order perturbation gives sufficiently accurate results.
The phonon Green's function is written as
The phonon frequency is determined by the pole of D µ (q, ω). In the case of weak interaction, the shift of the phonon frequency, ∆ω µ , and the broadening, Γ µ , are given by
When we calculate the self-energy of optical phonons starting with the known phonon modes in graphene, its direct evaluation causes a problem of double counting. 24 In fact, if we apply the above formula to the case of vanishing Fermi energy, we get the frequency shift due to virtual excitations of all electrons in the π bands. However, this contribution is already included in the definition of the frequency ω 0 . In order to avoid such a problem, we have to subtract the contribution in the undoped graphene for ω = 0 corresponding to the adiabatic approximation. Figure 1 .4 shows the frequency shift and broadening for various values of 1/ω 0 τ and an example of the spectral function, (−1/π)ImD(q, ω 0 ). For nonzero δ or 1/ω 0 τ , the logarithmic singularity of the frequency shift and the sharp drop in the broadening disappear, but the corresponding features remain for 1/ω 0 τ ≪ 1. Similar results were reported independently 25 and experiments giving qualitatively similar results were reported.
26-28
The calculation can easily be extended to the case in the presence of magnetic field B, where discrete Landau levels are formed and oscillations due to resonant interactions appear in the frequency shift and the broadening. 23 The Landau-level energy is given by ε n = sgn(n) √ |n| ω B (n = 0, ±1, · · · ), where sgn(n) denotes the sign of n and ω B = √ 2γ/l with magnetic length l = √ c /eB. appear at the field where their energy difference becomes equal to ω 0 . At resonances, the phonon spectrum exhibits characteristic behavior. Recently this magneto-phonon resonance was observed in Raman experiments.
29
The same tuning of the optical-phonon frequency and broadening due to change in the Fermi level is also possible in carbon nanotubes. In fact, effects of the electron-phonon interaction on the optical phonon in carbon nanotubes were theoretically studied earlier than in graphene. 21 In nanotubes, the modes are classified into longitudinal and transverse, depending on their displacement in the axis or circumference direction. Figure 1 .6 shows the results of the similar calculations in carbon nanotubes.
30
In semiconducting nanotubes, the imaginary part vanishes identically because of the presence of a gap. The frequency of the longitudinal and transverse modes is both shifted to higher frequency side and the shift is smaller for the longitudinal mode for small k F . The behavior of two modes as a function of k F is similar to that of "level crossing." In metallic nanotubes, the transverse mode is not affected by the doping at all. For the longitudinal mode, the energy shift exhibits a downward shift and considerable broadening. 21 For nonzero k F , the self-energy has a logarithmic divergence at γk F = ω 0 /2 and increases logarithmically with k F for γk F > ω 0 /2 for 
Zone-Boundary Phonon
Phonons near the K and K' point, called zone-boundary phonons, can play important roles in intervalley scattering between the K and K' points. In general, there exist four independent eigen modes for each wave vector. However, after straightforward calculations, we can see that only one mode with the highest frequency contributes to the electron-phonon interaction.
36
This mode is known as a Kekulé type distortion generating only bond-length changes. The interaction Hamiltonian is given by
where ω = e 2πi/3 and β K is another appropriate parameter, which is equal to β Γ for the tight-binding model. In the second quantized form, 14) where ω K is the frequency of the Kekulé mode. It is worth noting that ∆ cannot be given by a simple summation over the K and K' modes. We should take a proper linear combination of the K and K' modes in order to make the lattice displacement a real variable. We can easily understand the operator form of ∆ and ∆ † in the interaction Hamiltonian by considering the momentum conservation with the fact that 2K−K ′ and K−2K ′ are reciprocal lattice vectors, where K and K ′ are the wave vectors at the K and K' point. The dimensionless coupling parameter, λ K , is given by the same expression as Eq. (1.10) except that ω 0 is replaced with ω K and β Γ with β K . For ω K = 161.2 meV, we have λ K = 3.5 × 10
The lifetime of an electron with energy ε is given by the scattering probability from the initial state to possible final states via emission and absorption of one phonon. For the zone-center phonon, the summation of the contributions of longitudinal and transverse modes gives isotropic scattering probability in each of the K and K' points. For the zone-boundary phonon, any scattering processes are classified into two types: One is the transition between "one K-electron with one K-phonon" and "one K'-electron," and the other is between "one K-electron" and "one K'-electron with one K'-phonon." For example, an electron around the K point can be scattered to the K' point accompanied by absorption of one phonon around the K point, and this belongs to the former process. The electron scattering from the K to K' point can also be induced by the emission of one phonon around the K' point, while this is classified into the latter one.
In graphene, the calculated scattering probabilities for both phonons are given by the same formula,
where α represents Γ or K and we have neglected the phonon occupation due to large ω α at room temperature. This simply shows that the electron lifetime is inversely proportional to the coupling parameter λ α and to the density of states at the energy of the final state. What should be stressed here is that the phonon emission is possible only when the energy of the initial electron is larger than that of the phonon to be emitted. Otherwise, the final states are fully occupied at zero temperature and the phonon emission never takes place. In this sense, the zone-boundary phonon has another advantage over the zone-center phonon. Therefore, the zone-boundary phonon gives dominant scattering for high-field transport in graphene and in nanotube owing to its smaller frequency and larger coupling constant.
Spontaneous Lattice Distortion
In the presence of strong electron-phonon interaction, metallic systems are often unstable against lattice distortion causing band-gap opening. In fact, Peierls distortion, or bond alternation, is known to spontaneously occur in many organic conductors. Such lattice instability is expected to exist also in graphene and carbon nanotubes. In fact, there have been several theoretical studies on lattice instability in metallic nanotubes. Some considered an in-plane Kekule distortion corresponding to the zone-boundary phonon 24,37-39 and effects of magnetic fields in metallic nanotubes and in graphene. [40] [41] [42] Effects of out-of-plane distortion destroying the sublattice symmetry were also considered, 24, 43 and distortions corresponding longwavelength acoustic and optical modes were pointed out because they can open up a gap in metallic nanotubes. [44] [45] [46] [47] The lattice instability is certainly the subject always attracting considerable interest.
48-55

Bilayer Graphene
We consider a bilayer graphene which is arranged in the AB (Bernal) stacking. The upper layer is denoted as 1 and the lower layer denoted as 2. In each layer, the unit cell contains two carbon atoms denoted by A 1 and B 1 in layer 1 and A 2 and B 2 in layer 2. For the inter-layer coupling, we include only the coupling between vertically neighboring atoms. Then, electronic states are described by the k·p Hamiltonian: 16) where ∆ (≈ 0.4 eV) represents the inter-layer coupling between sites B 1 and A 2 . Let us define 17) where ψ vanishes for k = 0 and approaches π/2 with increasing k. Then, the eigen energies are given by The band ε +1 (k) represents the lowest conduction band which touches the highest valence band ε −1 (k) at k = 0. The bands ε ±2 (k) are the excited conduction and valence bands and ε +2 (k)−ε +1 (k) = δ independent of k.
In bilayer graphene, optical phonons are classified into symmetric and antisymmetric modes in which the displacement of the top and bottom layers are in-phase and out-of-phase, respectively. They are affected by electron-phonon interactions in a different manner. 31 The symmetric mode causes interband transitions between ε ±1 (k) and therefore exhibits logarithmic singularity in a manner same as monolayer graphene when ε F = ω 0 /2. On the other hand, this transition is not allowed for the antisymmetric mode but interband transitions between ε +1 (k) and ε +2 (k) contribute to the phonon renormalization. Figure 1 .7 shows calculated frequency shift and broadening for two phonon modes.
One important feature is that the band structure can be strongly modified due to opening-up of a band gap by applied electric field. is in agreement with that of recent experiments showing double peaks in a highly doped bilayer graphene. 62 In order to make detailed comparison with experiments, we may have to consider a small frequency splitting of symmetric and antisymmetric modes which is independent of the change in the electron concentration.
